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ALGEBRA. 

Conducted by J. H. COLAW, Monterey, Va. All contributions to this department should be sent to him. 

SOLUTIONS OF PROBLEMS. 

66. Proposed by A. H. BELL, Box 184, Hillsboro, Illinois. 
Solve the equations : 

a s x=:(.2x i -a s ) i /x i +y i (1), 

b t y={2y i -b t ) v / x T +y t (2). 

I. Solution by 0. B. M. ZEEE, A. II., Ph. D., Tezarkana, Arkansas-Texas. 

Let x—rcoaf), y=rsxa6. Then the equations become 

a 8 cos0=2r 8 cos 8 0-a 8 (1), 

& 8 sin0=2r 8 sin*6»-& 8 (2). 

Eliminating r 2 from (1) and (2) we get 

^(i+sy 

l + cos0 

Now ain»= -* 1 " 1 ** , coBfe ^^iTg • •"• &'(l+tanl0) 8 =2a 8 tan 8 #, 
l+tan 8 J0 l+tan 8 J0 

or 6(l+tanl0)=±j/2 atan0 (4^. 

Let z=tanl# ; then (4) becomes 

,.+,.-(! ^J^l (5). 

Let m=2— i ; then (5) becomes 

w 3- S ( 2:F Vl«) tt = A (8 ± V2a) (6). 



When a and b are known we can find u from (6), after which t and r and 
finally x and y become known. 

II. Solution by HEHKT HEATOH, M. Sc, Atlantic, Iowa. 

As in preceding solution, 

a 8 cos0=2r 8 cos 8 0-a 8 (3), 

& 8 sin0=2r 8 sin 8 0-6* (4). 
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.-. 2r 2 cos 2 #=a 2 (l + cos#) (5), and 2r 2 sin 2 0=6 2 (l+sin6») (6). 

tv -j- «xu Mw (A 6 2 /l + sin0\ 6 2 /sec0+tanfl\ 
Dividmg (5) by (4), Un'ff=- r { ri ^ if )=- r { seQ&+1 ) (7). 

.-. a 2 tan 2 tfsec# + a s tan 2 #=6 2 sec# + & 2 tanfl (8). 

.-. (a 2 tan 2 W-fe s )sec(9=6 2 tan6'-a 2 tan 2 # (9). 

Squaring (9) and substituting for sec 2 # its value l+tan 2 #, performing op- 
erations indicated and arranging with reference to tan#, 

anan 6 #-2a 2 6 2 tan*0 + 2a 2 6 2 tan 3 fl-2a 2 b 2 t 2 +6 4 =O (10). 

Transposing the three middle terms and subtracting 2a 2 6 2 tan 3 6', 

a 4 tan e #-2a 2 b 2 tan 3 0+b 4 =2a 2 fc 2 (tan 4 #-2tan 3 0+tan 2 #) (11). 

Extracting square root, a 2 tan 3 #— 6 2 =±a6(tan 2 fl— tan0)j/2 (12). 

Whence tanfl = ±d / 2 + _L \^L(^ a ±4b ,/2) 

+ ^-(±24a 3 6 l /2-39a 2 6 2 ±24a6 3 ,/2)i T 
+ gi-(~-|- 2 (9a±46,/2)-Y(±24a 3 & v / 2-39a 2 6 2 ±24a& 3 ,/2)4 "]*• 
From equation (5), x=a | 1 + cos — qcosifl, and from equation (6) 

y=b [ 1 + ^H. =boo8{i7t-i(f)=-^-{coai»-aiaie) 
If o=6, from (12), tan 0=1 or -^^4^— UfcJ(±2 v /2-l)i . 

HI. Solution by J. SCHEFFEE, A. M., Hagerstown, Maryland. 

Dividing (1) by (2) and putting y=tx, we obtain 

, a*6*(l-0 ... . a 2 6 2 t(l-i) 
x= 2KaH-»y and th6D V= 2(aH-b*y 

Substituting these in (1), we obtain finally the equation 
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Solving this for numerical values of a and 6, we get the values of x and y 
from the above expressions. 

The same equation may be arrived at by putting x=rcos0, y=rsintt. The 
given equation then changes into a 2 cos#=2r 2 cos 2 #— a 2 ; 6 2 sin#=2r 2 sin 2 #— 6 2 . 
Adding, we get a 2 eos0+& 2 sin0=2r 2 — (a 2 +b 2 ), whence r 2 =i[a 2 cos0+?> 2 sin# 

■ 2 i i,n ai 2i a 2 cos#+a 2 

+ a 2 +6 2 ]. Also, r 2 =J. ^ — . 

J ' cos 2 

Equalizing, changing into the tangent function, the latter being denoted 

by t, we' obtain the same equation as above. 

IV. Solution by H. C. WILKES, Skull Bun, West Virginia. 

Putting x 2 +i/ 2 =s 2 ; then from (1), a i {x + s)=2sx i , and from (2), 
b i (y + s)=2sy s . Any rational value for « will give integral [?] fractional values 
for a 2 and 6 s . Let 3=5, a 2 =45/4, and 6 2 =160/9 ; s=13, a 2 =325/9, and 
6 2 =3744/25 ; 8=17, a 2 =2176/25, and 6« =3825/16. 

67. Proposed by COOPER 0. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, 
Knoxville, Tennessee. 

Prove that cos— =— + cos — s — h cos — = — =£ or —J, according as n is odd 
or even, [and not a multiple of 7]. 

I. Solution by G. B. M. ZEEE, A. M., Ph. 0., Texarkana, Arkansas-Texas. 

. Inn . . nit nit 

sin — = — = 2sin — = — cos — s — . 

t 1 i 



. Ann . 2nn _ . nn 3nn 

sm — s sin — s — = 2sin — = — cos — = — 

/ / it 



. &nn . inn ,. . nn bnn 

sin — = sin — = — = 2sin — = — cos 



7 7 7 • 

nn 'inn bnn s\n\nit mn(nn—lnn) 

.'. cos — -= — h cos — = — |- cos — =— = . 7 = — n . , — - 
7 t ' 1 2sin}w7r 2sin^n7r 

= — Jcos?i7T=±J, according as n is odd or even. 

II. Solution by J. SCHEFFEE, A. M., Hajerstown, Maryland. 

Employing the well-known formula 

>ri n=n r ,/ ,-n cos[a + i(»— l)6]sinin6 
^ «»[«+(— 1,6]=— I lmT f J , 



